This paper describes a numerical method to simulate delamination growth in layered composite structures within the framework of fracture mechanics in large displacement. It is based on the search for the stationary points of the total energy of the structure, defined as the sum of the mechanical energy and the fracture energy associated with the delamination growth. The resulting non-linear problem is solved by Newton's method. The expressions for the first and second derivatives of energy with respect to a crack front displacement are derived analytically. Numerical examples are presented for specimens loaded in mode I and show the influence of the geometrical parameters on the growth. Ó
Introduction
Composites laminates are widely used in both civil and military aircraft structures leading to weight saving. However, study of the behaviour of such materials has shown that they are more damage sensitive than metallic material especially to delamination due to edge effect or low velocity impact [1] . In order to improve the performance of composite structures, advances must be made in the prediction of delamination growth and the evaluation of residual strength. The aim of this paper is to extend a delamination model valid for the plate in small displacement [2] or large displacement [3] to the case of curved structures as shells.
Two kinds of approach are commonly used to study delamination growth, (i) the damage mechanics approach in which the interface enclosing the delamination is modelled by a damageable material. Delamination is obtained when the damage variable reaches its maximum value [4] [5] [6] [7] and (ii) the fracture mechanics approach which the present work is part. In such an approach, the delamination characteristic are the stress intensity factors [8] [9] [10] and more generally the local energy release rate computed using either Comput. Methods Appl. Mech. Engrg. 191 (2002) www.elsevier.com/locate/cma the virtual crack closure technique [11] [12] [13] or the so-called h-method proposed by Destuynder [14] and recently extended to a boundary integral equation framework by Bonnet [15] . The h-method allows the expressions of the energy derivatives with respect to the front displacement to be derived analytically.
To our knowledge, few numerical studies are devoted to delamination growth simulation, within the framework of fracture mechanics. Most of them use of local Griffith's criterion [16] : the local energy release rate G is compared to the critical value G c and the points of the front where G > G c are moved along the normal to the front. The incremental law is either empirical and the iterative process is stopped when G 6 G c everywhere along the front [17, 18] , or derived from the theory of thermodynamics of continuum media [19] . As explained in [2] , this local approach must be given up in complex situations for which a global method similar to those of [20] [21] [22] is more convenient. Such methods are based on the minimization of the total energy E defined as the sum of the mechanical energy and a fracture energy associated to the delamination growth. For a fixed level of loading, if the delamination growth is stable, it is assumed that the front location at arrest is a stationary point for E. The resulting non-linear problem is then solved using Newton's method.
In the case of a shell structure the situation is more complex because the delamination front is not moving in a plane but in a curved surface x of the Euclidean space [23] . For this reason, in order to derive the mechanical energy in respect to the evolution of the crack front, we need to express first the formulation in a local reference frame associated to x [24] . It is made in Section 2. The expressions of the energy derivatives are then derived in Section 3. This allows to apply in Section 4 the delamination growth model previously developed in the case of plane delaminations. The numerical approximation is presented in Section 5. Finally, numerical examples are studied in Section 6 and the influence of the geometrical parameters on the growth is highlighted. To our knowledge, beyond the few works concerning delamination in curved structure, no one has been studied this influence. Let us mention (i) the experimental works of Ozdil Carlsson [25] and Davies et al. [26] who determined the critical energy release rate associated to a crack in composite cylindrical structures; (ii) the theoretic works of Storackers and Larsson [27] who studied the behaviour of a cylindrical structure with a circular delamination and the works of Rankin et al. [28] who studied the behaviour of cracks in stiffened fuselage shells.
Problem statement
Let us consider, in the Euclidean space E 3 referred to the orthonormal frame (O;ẽ e 1 ;ẽ e 2 ;ẽ e 3 ) a cantilever layered shell X of constant thickness 2h having a delamination at an interface x parallel to its mid-surface (see Fig. 1 for notations). The structure is fixed on the part C u & oX where oX is the boundary of X and is submitted to the surface loads f 2 ðL 2 ðC f ÞÞ
. It is assumed that (i) the neighbourhood of the delamination front c f is unloaded, (ii) the loading is proportional i.e. f ¼ kt where k is the loading factor and t is a fixed loading, (iii) the total energy E of the shell is the sum of the mechanical energy J and a fracture energy D associated with the delamination propagation
The functionals J and D depend generally on both the displacement field u and the front location c f . Nevertheless, in order to concentrate our study essentially on the curvilinear aspect of the structure and of the delamination, we will assume that the functional D is independent of the displacement field u. On this subject, we refer the reader to the recent work of [29] . The model of delamination growth is stated as follows: let the delamination front c 0 f & x at starting and the loading magnitude f be known and unchanged during propagation; it is assumed that the unknown front at arrest c f and the displacement field u ensure the stationarity of Eðu; cÞ seen as a functional of two variables;
where V and S will be specified later.
2.1. The elasticity problem: global reference frame 2.1.1. Mechanical energy J ðu; c f Þ A Lagrangian formulation is used to describe the large displacements motion of the structure and it is assumed that the elastic materials are of the St. Venant-Kirchhoff type. The constitutive equations are then linear relations between the Green-Lagrange strain tensor cðuÞ and the second Piola-Kirchhoff stress tensor r r ¼ R : cðuÞ; cðuÞ ¼ 1 2
where R is the fourth order material stiffness tensor and let S be its inverse; F, the gradient of the transformation x ! x þ uðxÞ; I 3 , the identity tensor of E 3 and ru ¼ ðou i =ox j Þ, i; j ¼ 1; . . . ; 3. Then, the mechanical energy of the structure is written as
where Tr is the trace operator. The minimum of J, and E, with respect to u is then characterized by the following variational problem R [30] . We assume that the formulation (5) has at least one solution (u; r). In order to prevent interpenetration, the space V ðXÞ of the admissible displacement fields should be reduced to 
is the undelaminated part of the interface at starting and c x d the current part, the fracture energy is defined as
G c is the critical energy release rate assumed constant along c f .
The elasticity problem: local reference frame
In order to derive easily the total energy with respect to the crack front displacement, we express the problem in a local reference frame associated to the delaminated interface x. In the following, the repeated summation convention is used: latin i, j, k, . . . (resp. greek a; b; . . .) indices and exponents take their values in the set f1; 2; 3g ðresp. f1; 2gÞ.
Local description of the structure
Let us assume that the delaminated interface is defined by an injective mapping / :x x 2 R 2 ! E 3 such that:
the tangent space at x to x is then defined by the vectors (assumed linearly independents)ã a a ¼ o a /. The unit normalã a 3 to x at x is then defined asã a 3 ¼ ðã a 1^ã a 2 Þ=ðkã a 1^ã a 2 kÞ (^is the exterior product). The vectors ðã a a ;ã a 3 Þ form the covariant basis at x. LetX X be the open set defined aŝ
where h I and h S are the thickness of the lower and upper delaminated parts of X respectively ðh I þ h S ¼ 2hÞ, and let be f ¼ ðf a ; f 3 Þ 2X X, then the domain X admits the following parametric description at x:
We note a ab ¼ã a aã a b the covariant components of the metric tensor, b ab ¼ã a 3ã a a;b the covariant components of the curvature tensor. The associated contravariant basis ðã a a ;ã a 3 Þ is then defined as a a ¼ a ab a b andã a 3 ¼ã a 
and the two times contravariant stress tensor r such that rðxÞ ¼ r ij ðxÞẽ e i ẽ e j ¼ r ij ðfÞã a i ðfÞ ã a j ðfÞ ¼r rðfÞ: ð12Þ
We refer the reader to [30] for the complete description.
2.2.2.
Mechanical energyĴ J ðu;ĉ c f Þ and fracture energyD Dðĉ c f Þ After a straightforward computation, the variational formulation (5) takes the following form (see Appendix A for details and notations):
where the components of the tensor S are generally functions of the coordinates f, even in the case of isotropic materials. In this formulation, the delamination front c f has a planar representationĉ c f 2 R 2 such that /ðĉ c f Þ ¼ c f which permits us to apply the method used in the plane case [2, 3] . The associated energy is expressed aŝ
whereas the fracture energy (7) becomeŝ
Energies derivatives
In the following, the tensors are functions of the local coordinates f and we note u for u and r for r the displacement field and the strain tensor.
The h-method
We now have to write the stationarity of E with respect toĉ c f . As it is assumed that the delamination frontĉ c f remains at the interfacex x & R 2 during propagation, the virtual kinematics of the delamination front can be described by a plane vector field hðfÞ ¼ ðh 1 ðfÞ; h 2 ðfÞ; 0Þ where the covariant components h a are regular functions defined inX X with support S h restricted to a small neighbourhood ofĉ c f such that S h \Ĉ C f ¼ ;. If the front intersects the boundary ofx x (see Fig. 2 ), h must satisfy the kinematical condition
where m is the unit normal. Let g be a dimensionless small parameter. It is associated to the field h a family of mappings
Let ðu; rÞ and ðu g ; r g Þ be the solution of problem (13) set inX X andX X g respectively for the same loading factor k. The first and second derivatives of the energy E with respect to the front displacement in the h direction are defined as 
E
ð1Þ ðhÞ ¼ lim
and are obtained in a classical way [14, 31] : first, the integrals and derivatives overX X g are expressed as integrals and derivatives overX X using the two following relations:
making clear the g dependence. Then the solution ðu g ; r g Þ is expanded as a formal power series of g:
and terms of same order are identified. In the curvilinear case [24] , we have to develop the local metric induced by the map /. For example, for the covariant metric tensor, we write a
h Á r 2 a Á h þ oðg 2 Þ, this relation having to be considered component by component. We give now the results of the computation.
First order Lagrangian derivatives
The first order Lagrangian derivatives ðu 1 ; r 1 Þ are needed to compute the second derivative of J; they are the solution of the following variational problem 8v 2 V ðX XÞ
The last equation shows that the Lagrangian derivatives are the solution of a linear problem involving the tangent stiffness operator of problem (13), whereas in the loading term (the right-hand side of the relation), h acts as a parameter.
Energy release rate
Let us recall that the energy release rate is defined asĝ gðhÞ ¼ ÀJ ð1Þ ðhÞ. After classical computation, the energy release rate is expressed as a function of the displacement u and the stress r only.
When the map / is equal to the identity, the usual expression in the plane case [3] is recovered. Integrating by parts the terms in rh and using both the constitutive and the equilibrium equations, it is found that the energy release rate can be written as a curvilinear integral along the delamination front
where G is the so-called delamination force or local energy release rate. For the details of the computation in the 2D case, see [24] . G can be viewed as the dual variable of h Á m onĉ c f . This shows that the energy release rate depends on the value of h along the delamination front only. For numerical computations, expression (21) is used as it is less mesh sensitive than expression (22) . It gives accurate results with relatively coarse finite elements meshes. Lastly, let us note that, due to the presence of rf in (21), a C 3 ðx xÞ regularity is required for the map /.
Mechanical energy second derivative
The mechanical energy second derivative is obtained identifying the second order terms in g in the J g expansion. We obtain the following expression, given to simplify, in the case of a constant metric (ra 0)
J ð2Þ is a quadratic form associated to a symmetric bilinear form that depends on the solution ðu; r) and on the first Lagrangian derivatives ðu 1 ; r 1 Þ.
Fracture energy derivatives
In view of the definition of D, the derivation of the expansion for the fracture energy derivatives is straightforward. The following expressions are obtained
According
Propagation model

Conditions on h
The frontĉ c f cannot move back; this requirement is satisfied if and only if
h Á e 2 P 0; ð26Þ whereẽ e 2 is the unit vector in the transverse direction oriented in the direction of delamination growth. It is taken parallel to the lateral edges ofx x in the case of open fronts, or as the unit normal to the front in the case of closed front (see Fig. 2 ). Due to this irreversibility condition, the problem to be solved is a constrained minimization one. It can be solved using a fixed point algorithm.
On the other hand, the mapping introduced in Section 5.1 must be defined in such a way that the delaminated area increases. This requirement takes the following form:
Z
A sufficient condition for h is then
which is equivalent, in the case of constant G c and according to the relation (24) , to D ð1Þ ðhÞ P 0; D ð2Þ ðh; hÞ P 0:
The first condition of (28) is satisfied as soon as condition (26) is satisfied. The set V h of admissible displacement fields of the front is so
ðh; hÞ P 0g ð 29Þ
If ðjgjÞ 1=2 is constant (a cylindrical arch for instance), the spectrum of the operator D ð2Þ is real and symmetric with respect to zero (see Appendix B). As a consequence, the sets fh; D ð2Þ ðh; hÞ > 0g and V h are not empty.
Front displacement
Let us consider stable delamination growth. According to Nguyen [32] , the delamination growth is stable, for a fixed level of loading, if J ð2Þ ðh; hÞ > 0 8h 2 V h . This condition ensures that, in the vicinity of a stable crack front location at arrest, the total energy E is strictly convex: E ð2Þ ðh; hÞ ¼ J ð2Þ ðh; hÞ þ D ð2Þ ðh; hÞ > 0. As a consequence, the growth arrest corresponds to a local minimum of E. According to relations (22) and first term of (25) the stationarity of E with respect to a front increment is written as
This equation is nothing but the variational form of the well-known Griffith's criterion; it implies G ¼ G c along the front only if G andĉ c f are smooth enough. Eq. (30) is non-linear with respect to the variable h and is solved by the Newton's method. At each iteration of the Newton's algorithm, the front displacement H 2 V h is computed by solving the following variational problem E ð2Þ ðH; hÞ ¼ ÀE ð1Þ ðhÞ 8h 2 V h :
Let us insist on the point that E ð2Þ is a non-local operator. Consequently, the points of the front are not moved independently. The displacement H is proportional to the value G À G c not locally on each point of c c f but in a variational sense.
Numerical approximation
Displacement and front approximation
The domainX X is meshed using 16-noded finite elements for which the shape functions are quadratic with respect to the in-plane variables and linear with respect to the out-of-plane variable. The nodes are repeated on the delaminated partx x d ofx x.
The frontĉ c f is approximated using B 3 -spline functions. This allows us to disconnect theĉ c f description from the finite element mesh. The curveĉ c f is described by nodes x i and the part ofĉ c f located between two nodes constitutes a spline element. Then, the parametric equation of the kth element is
where / i x are the geometrical spline coordinates and s is the curvilinear abscissa alongĉ c f . Finally, in the neighbourhood of the kth spline element, h is defined as hðs; qÞ ¼ qðqÞ
where q is the transverse local coordinate to the front defined by the relation OM ¼ Om þ qe 2 (see Fig. 2 for notations). qðqÞ is a smooth bell-shaped function equal to 1 for q ¼ 0 and 0 for q ¼ q r . The h degrees of freedom are the spline coordinates / h . Generally, their number is lower than the number of all the nodes of the finite element mesh located onĉ c f . The discretized form of relations (21) and first term of (24) can be written as fhg t Á fgg and fhg t Á fg c g respectively whereas the right-hand side of problem (20) is discretized as:
Finally, the second derivatives (23) and second term of (24) take the following forms:
where ½J ð2Þ and ½D ð2Þ are symmetric matrices, ½J ð2Þ being fully populated.
Delamination growth algorithm
The delamination growth algorithm is described in the case of displacement control. Let
• ½K T be the tangent stiffness matrix;
• fRg be the vector of residual forces;
• j the number of the control degree of freedom;
• ½Q be the matrix of the eigenvectors of ½D ð2Þ associated to positive eigenvalues.
Then, the algorithm is as follows: : x n;kþ1 ¼ x n;k þ S hðx n;k Þ remeshing and go to loop i if kfhgk 6 h end of loop k u
This algorithm can be repeated untilĉ c f & ox x, i.e. until the total separation of the lower and upper parts ofX X. We are now going to make some comments with regard to this algorithm:
1. The matrix ½Q introduced in (34) is composed of the eigenvectors associated to non-negative eigenvalue of ½D ð2Þ . This ensures that the displacement field H verify D ð2Þ ðH; HÞ P 0. 2. Nodal values of the delamination force (vector fGg) are not needed. However, if fGg m < G c 8m then the load is not large enough and (34) will give fHg p < 0 8p. In conclusion, the knowledge of fGg can avoid unuseful computations (for the detail of computation of fGg, see [2] ). 3. There are several ways to compute the new displacement field after remeshing. Here, we have presented the case where the new equilibrium point is sought starting from the displacements obtained with the previous mesh. Unfortunately, if the front displacement is too large, the equilibrium cannot be recovered. To prevent divergence, small increments of the front displacement must be made, prescribing a maximum value H max of H. Another way is to restart the computation from unloading. This way seems more costly, but it allows greater displacement front increments. 4. The remeshing step can be time consuming for complex structures. Some authors have recently proposed a method without remeshing where the description of the crack front is independent of the mesh structure [33, 34] . 5. h and H max can be taken as a fraction of a characteristic length ofx x. For numerical application, we have taken S ¼ minð1; H max =ðkfHgkL 1 ÞÞ.
Numerical applications
Analytical solution for the beam problem
The first application concerned a curved beam of constant thickness and of constant radius of curvature r. The beam was made of an isotropic homogeneous material and had a crack along its mid-axis (see Fig. 3 ).
It was clamped at the cross-section containing the point B and was submitted to a normal displacement d at the end of the lower delaminated arm (point C). The mid-axis c was described by the injective mapping / : f 1 2 ½f ðrÞ; p À f ðrÞ ! ðx; yÞ 2 c defined as follows
for which the length l of c is independent of r. The mechanical energy derivatives were obtained analytically for r sufficiently large [24] and are recalled here 
where a is the crack length.
Observing that the functions f 0 i ðaÞ are negative, the sign of J ð2Þ can be determined easily. It is reported in Table 1 where C is the curvature of the beam.
The interest of this example is twofold:
• Firstly, it shows that the energy release rate is a decreasing function of the curvature. This implies that the curvature is a limiting factor for the crack growth.
• Secondly, it shows that the curvature has an influence on the growth stability given by the sign of J ð2Þ . Fig. 3 . Cylindrical delaminated arch. Table 1 Sign of J ð2Þ a 1 a 2 l 
Cylindrical arch
The second example was devoted to the study of a cylindrical arch of constant thickness h, of constant radius of curvature r, of width L and of length l (see Fig. 4 ).
It was made of an isotropic homogeneous material and had a delamination in its mid-plane. The geometrical and the mechanical characteristics of the arch are reported in Table 2 .
The arch was described by the mapping u [35] X 3 ðx; y; zÞ ¼ uðf 1 ;
defined on the domainX X ¼ À l=2; l=2½Â0; L½Â À h; h½ with r satisfying the following condition of injectivity
For such a mapping, the covariant basis was
leading to the following expressions (see Appendix A for the definitions):
As h 3 ¼ 0 and as the tensors a and S and the operators d and f are independent of the variables f a , we have ðrd Á hÞ ij ¼ 0, ðrf Á hÞ ij ¼ 0, ðrS Á hÞ ij ¼ 0 and ðra Á hÞ ij ¼ 0. The derivatives of the fracture energy could be written as: so that the spectrum of D ð2Þ was symmetric with respect to zero (see Appendix B for the discussion on the spectrum).
Two cases were studied: the case of an opening delamination and the case of an internal delamination.
Opening delamination
The arch had an initial delamination with a straight frontĉ c f ¼ ff 2X X, f 1 ¼ l=4, f 3 ¼ 0g. It was clamped on the side C u ¼ ff 2X X, f 1 ¼ Àl=2g and submitted to a normal loadf f ¼ ð0; 0;f f Fig. 7 . They are on the same curve. Fig. 8 depicts the evolution of the energy release rate as the radius of curvature of the arch is increasing. It is found that, in accordance with remark made for the analytical example, the curvature is a limiting factor for the crack growth. Finally, the front locations at arrest for different values of u d are plotted in Fig.  9 . For convenience, the front shapes are represented in the reference plane ðf 1 ; f 2 Þ.
As the specimen is wider than longer, the edge effects have a weak and local influence on the front shapes that are straight, except in the vicinity of the lateral edges [36] . Finally, let us mention that the growth was stable as all the eigenvalues of ½J ð2Þ were positive.
Internal delamination
Then, the case of an internal delamination with a circular front shape (in the reference plane) c c f ¼ ff
; f 3 ¼ 0g centred at the origin was considered. a is the radius of the front and is equal to Fig. 10 shows the initial mesh and the deformed mesh after delamination growth.
Figs. 11 and 12 depict the variations of the loading factor and the distance to the origin of the points A and B (defined in Fig. 10 ) of the front respectively as a function of u d , for two different values of the radius of curvature. They show firstly, that a higher value of u d was needed to make the delamination grow in the most curved case and secondly, that the crack was growing faster along the e 2 -axis where the curvature is minimal (point B).
The different front locations are plotted in Figs. 13 and 14 for r ¼ 300 and 900 mm respectively, showing that the front shapes remain symmetric with respect to the axes during the delamination growth.
The values of the local energy release rate G and its associated normal front displacement along the part of the front ðf 1 > 0; f 2 > 0Þ are reported in Fig. 15 . The front displacement appears, up to a multiplying constant, to be a regularisation of the quantity G À G c . The variations of the local energy release rate at the points A and B with respect to the radius of curvature are reported in Fig. 16 . As in the previous cases, a similar variation of the form K 1 À ðK 2 =r 2 Þ was obtained, reaching the same value when r tends to infinity. To conclude, we are going to make some comments on the growth stability. The computations made for the two values of the radius of curvature (r ¼ 300 and 900 mm), the results of which are reported here, showed a stable delamination growth. However, it can be observed in Figs. 11 and 12 that, for the smaller values of r, the arch response is irregular for a prescribed normal displacement less than 3.75 mm. Computations made for a radius of 200 mm revealed an unstable growth.
Conclusion
We have explained an algorithm for the numerical simulation of delamination growth in a curved interface. It proved to be robust and fast as the convergence in h was obtained in less than 10 iterations in most cases. Moreover, it can be developed independently as a post-processor of a standard finite elements code. However, it requires the coupling between a code of analysis and a meshing code. The necessity to make a re-meshing, at least in the neighbourhood of the front when it is moved, can become a hard task for complex structures.
Two questions remain unanswered • The first concerns the way to restore the equilibrium after the front has been moved. In the examples presented here, only the internal loop in the algorithm was made in order to improve the displacement field obtained with the previous mesh. This way requires to make small increments of the front displacement to be able to determine the new equilibrium point. However, there are cases for which it is not sufficient as it was observed studying a stiffened panel loaded in compression [3] where it was binding to restart the computation from unloading. This way allows to make greater front displacement increments.
• The second concerns the ½J ð2Þ spectrum, or more precisely the spectrum of the projection ½Q t Á ½J ð2Þ Á ½Q of ½J ð2Þ onto the subspace spanned by the eigenvectors associated to the positive eigenvalues of ½D ð2Þ . When, the growth is stable, all the eigenvalues are positive, and negative when it is unstable. However, we have encountered case for which there was positive and negative eigenvalues. We have observed, in the cases of stable growth, that the number of negative eigenvalues was decreasing as the number of front displacements was increasing. We speculate that these negative eigenvalues are related to the fact that the initial front shape was not acceptable i.e.: the shape of the artificial initial defect does not correspond to the shape of the delamination that would appear under the applied loading. There is then first an unstable growth to reach the natural delamination front shape. This last point will have to be detailed in the future. 
